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Abstract—The Influence maximization (IM) aims at estimating
a small number of influential users that maximize the viral marketing profit whereas, the Reverse Influence Maximization (RIM)
deals with the minimization of Viral Marketing (VM) cost in
social networks. Here, the VM cost is measured by the minimum
number of nodes that are required to activate seed nodes and the
profit is defined by the maximum number of nodes influenced
by seed users when they are initially activated. However, most
of the existing works focus on the profit maximization without
considering the VM cost. Thus, in this research, we introduce
a Viral Marketing Cost (VMC) Minimization problem and
propose a Heuristic Mixed (HM) approach under mixed Reverse
Independent Cascade (RIC) and Reverse Linear Threshold (RLT)
diffusion models. The proposed HM model employs the greedy
technique along with a heuristic approach to optimize the VM
cost. Moreover, our model resolves the challenging issues of the
RIM problem more efficiently. Finally, we simulate our model
using data-sets of two real social networks, and the result shows
that our model outperforms the baseline and existing models.
Index Terms—influence maximization; reverse influence maximization; viral marketing; viral marketing cost; social network.

I. I NTRODUCTION
Nowadays, social networks have become the ultimate platform for marketing especially, for Viral Marketing (VM)
when Facebook, Twitter-like thousands of social networks
have acquired huge popularity around the globe. Influence
Maximization (IM), being such a viral marketing tool, has
gained vast research interest in the recent decade [1]. In viral
marketing, people are influenced by other impactful persons,
e.g., family members, friends, colleagues or some trend-setters
in the word-of-mouth effect [2], [3].
The main purpose of the influence maximization is to find
k-top influential nodes, which can maximize the influence
diffusion in the network. The influence is measured by the
maximum number of nodes that can be activated by the
seed users when they are assumed to be activated initially.
The remarkable pioneering work was conducted by Kempe et
al. [2] in 2003. They proposed Linear Threshold (LT) and
Independent Cascade (IC) models, which achieved enormous

popularity. Thereafter, many methods are proposed in literature
to solve the IM problem due to its versatile applications,
e.g., profit maximization [3], [4], [5], marketing campaign [6],
contagion detection [7], rumor monitoring [8], [9], [10], [11],
domain expert identification [12], online recommendation [13].
However, most of the state-of-the-art models suffer from a flaw
that the seed nodes are assumed to be activated initially.
In many works, the viral marketing profit is maximized in
social networks by maximizing the product adoption taking
the product price into account [3] whereas, in many studies,
the product adoption is maximized without considering the
product price [14]. In both the studies, in order to activate
seed users initially, some incentives such as free products
or services are offered. However, seed nodes can also be
activated by other influential users as influenced in the IM
process. This gives rise to a new research direction called Viral
Marketing Cost (VMC) optimization problem. However, most
of the existing studies do not address the estimation of the VM
cost, which is defined by the minimum number of influencer
nodes required to activate seed nodes. Therefore, to compute
the VM cost, Reverse Influence Maximization (RIM) models
are proposed in which influence is diffused throughout the
network in reverse order [15], [16], [17]. However, the existing
RIM models are incapable of handling the challenging issues,
which include setting stopping condition, handling three basic
network component (BNC), and insufficient influence.
Therefore, in this paper, we introduce a RIM-based Viral
Marketing Cost (VMC) minimization problem and propose
a Heuristic Mixed (HM) model to estimate the optimal VM
cost in social networks. The key contributions of this paper
are stated below.
1) We introduce a VMC minimization problem along with
a Heuristic Mixed (HM) solution model, which jointly
employs the IC and LT models in reverse order as well
as a greedy optimization technique.
2) We modify the traditional IC and LT models as Reverse
IC (RIC) and Reverse LT (RLT) models, respectively, to

apply in reverse order for node activation in our model.
3) We incorporate a cost minimization heuristic, which is
applied in the influence weight calculation and apply with
greedy optimization to minimize the VM cost.
4) We simulate the proposed model using two real datasets
of widely recognized social networks, and the result
shows that the proposed model outperforms the existing
models.
The rest of the paper is as organized: section II presents
the study of the state-of-the-art models. We describe the
system model, and the problem definition in section III and
the proposed HM model along with theoretical approximation
bound is stated in section IV. The performance analysis is
provided in section IV, and finally, the concluding remarks
are given in section VI. The abbreviations used in this paper
are listed with elaborations in Appendix A.
II. E XISTING S TUDY
The Influence Maximization which identifies impactful seed
users for viral marketing in the social networks, was introduced by Domingos et al. [18] in 2001. They searched
for influential users by the network value of a customer by
considering the social network as a target market. However, the
accuracy of their model was not remarkably high as compared
to the actual one. Therefore, Kempe et al. [2] formulate the
IM model with performance bound (1 − 1e ). Their proposed
Linear Threshold (LT) and Independent Cascade (IC) models
gain huge acceptance in the IM research community, and many
LT-based and IC-based models are proposed after that.
However, the major drawback of the basic greedy model
described in [2] is that the influence propagation model is
NP-Hard and the greedy algorithm is quadratic. Thus, Chen et
al. propose Local Directed Acyclic Graph (LDAG) model [19]
and Degree Discount heuristics technique under IC model [20]
to address the NP-Hard issue and Leskovec et al. [7] propose
the Cost Effective Lazy Forward (CELF) algorithm to resolve
the complexity (quadratic) issue. Thereafter, Goyal et al. [21]
propose CELF++ method which outperforms the CELF model
by 35 − 55%. However, the above studies conduct viral
marketing in social networks without addressing the VM cost
estimation.
In most of the above works, either the seed nodes are
assumed to be initially activated, or a free sample product
or service is offered to activate seed nodes. Moreover, they
do not consider the fact that seed nodes can be motivated by
some other influential users likewise in the IM mechanism.
Thus, the authors in [15] and [16] introduce Reverse Influence
Maximization problem in which influence is disseminated in
reverse direction to compute the VM cost. They propose the
Random RIM (R-RIM), and Randomized Linear Threshold
RIM (RLT-RIM) in their works. Moreover, the authors also
identify some challenges which include handling three basic
network components, stopping criteria, and insufficient influence and NP-Hardness issue. However, these challenges are
not handled properly in their works.

TABLE I
LIST OF PARAMETERS

Symbol
G(V, E)
V
E
Dvout
Dvin
dout
v
din
v
S
k
Λ(v)
Λ(S)
λ(v)
λ(S)
Anew
Acurrent
Atarget
Av
wuv
w̃uv
huv
h̃uv
α
p
λ
λ∗
d
C

Meaning
Social network.
Set of social network users.
Social relationship among users.
Out-neighbor set of v.
In-neighbor set of v.
Out-degree of v, dout
= |Dvout | .
v
in
In-degree of v, din
=
|D
v
v | .
The seed set.
Size of the seed set S.
The partial VM cost set of node v.
The VM cost set of all the nodes of S.
The VM cost of node v, λ(v) = |Λ(v)|.
The VM cost of all the nodes of S, λ(S) = |Λ(S)|.
Newly activated in-neighbors.
Newly activated in-neighbors for current node u.
All the in-neighbors for current node u.
Minimum number of nodes selected to activate v.
Social influence of node u to v.
Composite influence of node u to v.
Heuristic influence of node u to v.
Normalized heuristic influence of node u to v.
A priority parameter, 0 ≤ α ≤ 1.
Activation probability in the RIC model.
The estimated VM cost.
The optimal VM cost.
Average in-degree in G.
The complexity of the proposed algorithm.

Thus, in this paper, we propose a Heuristic Mixed (HM)
model for VMC Minimization. The proposed method not
only handles RIM challenges efficiently but also estimates the
optimized VM cost which is better than that of existing RIM
models.
III. S YSTEM M ODEL
We consider a scenario of Profit Maximization in a social
network and in general, the profit can be maximized in two
ways, either by maximizing the revenue or by minimizing
the cost. The Influence Maximization deals with revenue
maximization whereas, the Reverse Influence Maximization
deals with cost minimization. In this paper, we consider the
Viral Marketing Cost (VMC) minimization mechanism for
social networks and thus, our goal is to minimize the VM
cost.
To formulate the VMC minimization problem, let us consider a social network, G(V, E) which has a set V , of social
network users ( also known as individuals or nodes) as well as
a set E, of social bonds among users. For instance, if G is the
Facebook social network then, any two nodes, u and v ∈ V
indicate two Facebook users and a link (u, v) ∈ E indicates
that u and v are friends in the Facebook. We consider the
in-neighbors and out-neighbors sets of any node v to be Dvin
and Dvout , respectively along with in-degree and out degree,
in
out
= |Dvout |, respectively.
din
v = |Dv | and dv
In the viral marketing, the cost that is incurred to activate the
seed users is considered as the Viral Marketing cost, which is

the main focus of our study. Moreover, the VMC minimization
problem ensures the activation of the seed nodes and estimates
the users which influence them to be activated. The number of
users who activate the seed nodes is termed as the VM cost and
is denoted by λ(S). The objective of the VMC minimization
problem is to minimize the λ(S) for a given seed set S.
Definition 1 (The VMC Minimization Problem). Given a
social network G(V, E) and a seed set S of size k, the RIMbased VMC minimization problem is to minimize the viral
marketing cost λ(S), defined by the minimum number of
nodes that must be activated in order to activate all the seed
nodes in S.

IV. T HE P ROPOSED H EURISTIC M IXED M ODEL
In this section, we propose a Heuristic Mixed (HM) Model
to address the VMC minimization problem. In the HM model,
we jointly employ the modified Independent cascade (IC)
model and the modified Linear threshold models (LT) [2] along
with a greedy optimization technique.
A. The Working Principles of the HM Model
The working philosophy of the proposed HM model is
explained properly in Fig. 2. The HM model calculates the
optimal VM cost λ(v), for each seed node v ∈ S and
then, aggregates them to generate the optimal VM cost, λ(S).
However, the HM model estimates the λ(v) in two steps. In
the first step, the HM model computes the partial VM cost
λ(u) for u ∈ Dvin by activating nodes using the Reverse IC
model. Then, the most influential subset of Dvin is selected
by jointly using the greedy method and a heuristic technique
along with the Reverse LT model.
1) Partial VM Cost Estimation: The process of the partial
VM cost λ(u)-estimation is illustrated in the Fig. 2. We modify
the traditional IC model to use in reverse order. Generally,
the IC model finds how many nodes can be activated by a
node u if it is activated initially. However, we determine how
many modes are required to activate the node u by applying
IC model in reverse order and name it as Reverse IC (RIC)
model.
In the RIC model, initially, we assume that Anew holds the
newly activated node at any hop, Atarget (u) are the nodes,
which will be checked for the activation of the node u,
Acurrent includes the activated nodes at the current hop, and
Λ(u) stores the total nodes which contribute to the activation
of u in all the previous hops to current hop. The process starts
with the initialization:
Anew = {u}

(1)

Λ(u) = {u}

(2)

Then, for the activation of each u ∈ Anew , the target inneighbors set, Atarget (u) is populated as:
Atarget (u) = Duin

(3)

Next, each target node w ∈ Atarget (u) is given a single
chance to activate the node u by tossing a biased coin with

Fig. 1. The working philosophy of the Heuristic Mixed (HM) model.
To estimate the Λ(v), first, Λ(u) is calculated for all u ∈ Dvin .
Say, for u4 , we start with, Λ(u4 ) = Anew = {u4 }, Atarget =
{a1 , a2 , a3 }. At the hop, T = 1, the node Acurrent = {a2 , a3 }
are activated (say) by RIC model with a probability p and hence,
we have, Anew = {a2 , a3 } and Λ(u4 ) = {u4 , a2 , a3 } for the next
hop. At T = 2, there is no node activation for a3 , since Dain3 = ∅.
However, for the node a2 , we have Atarget = {a3 , b1 , b2 , b3 } (here,
a3 is given repeatedly since this is a graph, not a tree, we show the
nodes hop-by-hop for better realization only). We assume that the
nodes a3 , b1 , and b3 are activated and thus, Acurrent = {a3 , b1 , b3 }.
However, a3 was previously activated and thus, we have, Anew =
{b1 , b3 } for the next hop. We also have, Λ(u4 ) = {u4 , a2 , a3 , b1 , b3 }.
Since there are no in-neighbors of the nodes in Anew , the estimation
stoops at T = 3 with a partial VM cost Λ(u4 ) = {u4 , a2 , a3 , b1 , b3 }.
Similarly, we compute Λ(u) for all u ∈ Dvin . Finally, a set, Av ⊂
Dvin , of minimum number of nodes having maximum wuv is chosen
to activates v by the RLT model and we get, Λ(v) = ∪u∈Av Λ(u).

some probability p. If the coin toss results in the head, we
assume that the node w influences u to be activated and w is
added to the set Acurrent . At the end of the hop, we update
all these parameters for the next hop as:
Anew = Acurrent − Λ(u)

(4)

Λ(u) = Λ(u) ∪ Acurrent

(5)

In the Eq. (4), the nodes which are explored in any previous
hop are excluded and only the newly activated nodes are
passed to the next hop. The same process is repeated for the
next in-neighbor hop of the node u for each of the newly
activated node w and so on. The RIC process terminates when
there is no newly activated node at any hop, i.e., Anew = ∅.
a) Learning Probability (p) for the RIC Model: Kempe et
al. [2] suggest the values of p to be uniformly chosen either
0.01 or 0.1 whereas, in the Tri-valency model, p takes a
value randomly from {0.1, 0.01, 0.001} [19], [22], [23], [24].
However, we choose the model introduced by Kempe et al. [2].

2) The Optimization Model: To optimize the cost by the
RLT model, we compute social influence wuv of the node u
to node v by degree centrality method [2]. Here, we introduce
a heuristic that is employed along with greedy optimization.
We contribute a heuristic influence huv which is reverse
proportional to the estimated |Λ(u)| and indicates that a node
with lower partial VM cost |Λ(u)| has the higher probability
to be the most influential. Thus, selecting the node with a
higher value of huv , can reduce the VM cost. We combine the
normalized value of heuristics influence h̃uv with the social
influence wuv to get composite optimized influence weight
which is given by,
w̃uv = αh̃uv + (1 − α)wuv

(6)

where, α ∈ (0, 1) is a priority parameter between the heuristic
and the social influence.
We have composite influence weight and partial VM cost
of each u and now, our target is to select a set Av ⊂ Dvin ,
of the least number of most inflectional in-neighbor u whose
aggregated influence can activate v. This is accomplished by
the RLT model in which an in-neighbors u with maximum
w̃uv is taken greedily. Then, we estimate the desired VM cost
set and VM cost as:
Λ(v) = ∪ Λ(u)
u∈Av

Λ(S) = ∪ Λ(v)
v∈S

λ(S) = Λ(S) |.

(7)
(8)
(9)

Algorithm 1: The HM Algorithm
Input: G(V, E), S
Result: λ(S)
1
2
3
4
5
6
7
8
9
10

activated by RIC model */
11
12
13

The proposed HM model is stated in Algorithm 1. The
partial VM cost of a node u ∈ Dvin is computers in line
5 − 18 in which the nodes activation is accomplished by the
RIC model in lines 8−12 whereas, mixed greedy and heuristic
optimization is done in line 16. The final VM cost set and the
VM cost are calculated in line 18 and line 20, respectively.
Theorem 1. The VMC minimization problem under the HM
model is NP-Hard.
Proof. The optimization strategy used in the HM model to
solve the VMC minimization problem is merely a Knapsack
technique, and at each time, the model selects an in-neighbor u
with maximum influence. Moreover, the RIC model used in the
node activation process is just a variation of the traditional IC
model under which the IM problem is NP-Hard [2]. Moreover,
the Knapsack problem is a well-known NP-Hard [25] problem
as well and hence, our VMC minimization problem under the
HM model is also NP-Hard.
C. Theoretical Performance Bound
Here, we provide a theoretical bound for the greedy optimization.
Theorem 2. The proposed Heuristic Mixed (HM) Algorithm
is a 2-approximation algorithm, i.e.
1
λ∗
≥
λ
2

(10)

end
end
Anew ← Anew − Λ(u) − Λ(S);

/* Already

activated node is excluded */
14
15
16

Λ(u) ← Λ(u) ∪ Anew ;
end
Av ← A minimum set of u ∈ Dvin with max w̃uv
to activate v;
/* Greedy & heuristic
optimization */

17
18
19
20
21

B. The HM Algorithm

Λ(S)∅;
for v ∈ S do
Λ(v) ← ∅;
Anew ← {u};
while u ∈ Anew do
Atarget ← Duin ;
Acurrent ← ∅, Λ(u) ← {u};
while w ∈ Atarget do
if w is activated with probability p then
Acurrent ← Acurrent ∪ {w}; /* Node

Λ(v) ← ∪y∈Av Λ(y);
Λ(S) ← Λ(S) ∪ Λ(v);
end
λ(S) ← Λ(S) ;
return λ(S);

/* The VM cost set */
/* Final VM cost */

Proof. The proof of the Theorem 2 follows from the proof
of the Theorem 1, in which we have already proved that the
proposed model is a variation of the Knapsack problem. Again,
the Knapsack is a 2-approximation algorithm [26], and thus,
the proposed HM model exhibits the same approximation ratio,
that is,
λ∗
1
λ ≥ 2.
Now, for the running time derivation, let us assume that d
is the average in-degree in G. Then, the running time of the
HM algorithm is given by,
C ≤ |{z}
k (|{z}
d ( |{z}
d

line 2 line 5 line 8 − 12

+ |{z}
d )) ≈ O(kd2 ).

(11)

line 16

V. P ERFORMANCE E VALUATION
We evaluate the performance of the proposed HM model by
using real datasets of two widely popular social networks. We
present a comparative analysis of the proposed model with the
existing models for both the datasets.
A. Data Collection
Two real datasets are collected from SNAP dataset collections [27] for the simulation of the proposed model as
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Fig. 2. The VM cost (in hundreds) for different values of k (1 to
100) for a) Epinions, and b) Facebook dataset.

Fig. 3. The running time for different values of k (1 to 100) for a)
Epinions, and b) Facebook dataset.

presented in Table II. The first dataset is from the Epinions1
social network which is a who-trust-whom network having
75, 879 users and 508, 837 social relations among them. On the
other hand, Facebook2 is a friendship network which possesses
4, 039 nodes and 88, 234 edges.

all the datasets and this is due to the greedy and heuristic
optimization.

TABLE II
DATASET S TATISTICS
Social Networks

Nodes

Edges

Epinions

75, 879

508, 837

Facebook

4, 039

88, 234

B. Simulation Setup
In our simulation, a set of Python programs is executed on
an Intel (R) Core (TM) i7-3537 CPU @ 2.00GHz, 2.50GHz
machine with 4 GB RAM. We apply the Monte Carlo (MC)
simulation [2] and the expected value of each the parameter
is taken for comparison. For simplicity, the seed set S is
generated randomly. The values of p is taken randomly from
the set {0.1, 0.01} [2]. We generate the threshold θv for each
seed node by Heuristic Individual (HI) model [28] and assume
α = 0.5 for our simulation. We compare the results with that
of existing R-RIM and RLT-RIM models [15], [16], [29].
C. Performance Analysis
In this section, we analyze the performance of the proposed
HM algorithm concerning the estimated VM cost, the running
time and the ability to meet RIM challenges.
1) The VM Cost: Fig. 2 depicts the relative VM cost estimated by the proposed HM algorithm along with the R-RIM
and RLT-RIM models for Epinions and Facebook datasets. The
R-RIM model computes the cost randomly from a tentative
solution space whereas, the RLT-RIM selects a node randomly,
aggregates its influence and then, checks for the seed node’s
threshold to activate it. On the other hand, the HM model uses
an the RIC model to estimate the partial VM cost which is
then minimized by the greedy approach. The empirical result
shows that the proposed model has approximately 2 − 3 times
lower VM cost as compared to that of existing models for
1 https://snap.stanford.edu/data/soc-Epinions1.html
2 https://snap.stanford.edu/data/egonets-Facebook.html

2) Running Time: The running time comparison of different
models is shown in Fig. 3 for both the datasets. In the
RLT-RIM algorithm, after selecting each in-neighbor node
randomly, it integrates its influence and then, compares with
the threshold of the seed node. If the seed node is not
activated, the process continues. Thus, the RLT-RIM requires
higher running time as compared to the rest two models.
On the other hand, the R-RIM model selects seed influencer
nodes randomly and thus, has the fastest running time. The
simulation unveils that the running time of the HM model is
sandwiched between two existing models for both the datasets.
The Epinions network has a remarkably higher number of
edges and thus, has a higher average degree (d) as compared
to the Facebook network. Therefore, the running time for the
Epinions dataset is higher than that of the Facebook dataset.
3) Handling RIM Challenges: The proposed HM model
handles the RIM challenges in an efficient manner. Our
algorithm gets rid of considering BNC issue by employing
the RIC model. Again, The NP-Hardness is mitigated by the
greedy model. Moreover, the node activation process by the
RIC model continues until there is no newly activated node,
that is, the stopping condition is set in a better way than
the existing models. In the existing models, especially in the
RLT-RIM model, the insufficient influence might occur at ever
node whether it is a seed node or an intermediate in-neighbor
node. However, in the case of the HM model, the insufficient
influence might occur only with the seed node and not for any
intermediate in-neighbor node and thus, has lower insufficient
influence effect.
VI. C ONCLUSION
In this paper, we propose a Heuristic Mixed (HM) model to
solve the Viral Marketing Cost (VMC) minimization problem.
We modify the Independent cascade (IC) model as Reverse
IC (RIC) model to use it in reverse order for node activation
process. In the final seed activation process, we use the
Reverse LT (RLT) model which is a variation of the LT
model. Further, we employ a heuristic and the greedy approach
jointly to optimize the VM cost. We have shown that the
VMC minimization problem is NP-hard and thus, deduce a

theoretical performance bound of the greedy solution. Finally,
the experimental results show that the proposed model exhibits
better VM cost along with good running time as well as meets
the RIM challenges in an efficient manner.
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A PPENDIX A
TABLE III
L IST OF A BBREVIATIONS .
Abbreviation
CELF
HI
HM
IC
IM
LDAG
LT
RIC
RIM
RLT
RLT-RIM
R-RIM
VM
VMC

Elaboration
Cost Effective Lazy Forward
Heuristic Individual Threshold model
Heuristic Mixed model
Independent Cascade model
Influence Maximization
Local Directed Acyclic Graph
Linear Threshold model
Reverse Independent Cascade model
Reverse Influence Maximization
Reverse Linear Threshold model
Randomized RIM under LT model
Random RIM model
Viral Marketing
Viral Marketing Cost

