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Abstract—With K-hop interference model, especially when
K ≥ 2, the throughput-optimal centralized scheduler needs
to solve a NP-Hard problem. It leads to the desire of a
distributed, low-complexity but throughput-optimal scheduling
algorithm. We generalize a randomized scheduling framework
for a K-hop interference model and develop two randomized
distributed scheduling algorithms which can be integrated into
this framework. The delay performance of our scheme is also
characterized.
Index Terms—Wireless Networks, Scheduling Algorithms, Optimal Throughput, Resource Allocation.

framework. In Section IV, for Pick operation, we propose
two randomized distributed scheduling algorithms that can be
integrated into the randomized scheduling framework. Both
of them can work for the K-hop interference model. We
show that the probabilities of picking them are guaranteed.
We also investigate the delay characteristic of the throughputoptimal randomized scheduling framework corresponding to
two proposed distributed scheduling algorithms.
II. S YSTEM M ODEL

I. I NTRODUCTION
The seminal paper of Tassiulas and Ephemides [1] on
Max Weight scheduling speciﬁed that their throughput-optimal
scheduling algorithm can stabilize the networks provided that
the set of user arrival rates fall within the so-called capacity
region. However, in general K-hop interference model, the
authors in [3] showed that the centralized optimal scheduling
is polynomial time solvable under 1-hop interference model,
but it is NP-Hard and Non-Approximable in case of K ≥ 2.
This attracts researchers’ attention to the distributed scheduling
policies with low-complexity computation.
Generally, distributed scheduling schemes can be classiﬁed into three categories. One of them is Greedy Maximal
scheduling algorithms [3], which require only local message
exchange. Another distributed approach is the Constant-Time
algorithms [5] in which the number of computation and local
message exchange rounds at every slot is a constant. While
both of these approaches guarantee only a fraction of the
capacity region, most of Pick and Compare algorithms [6] can
provide the maximal throughput. But all of above-mentioned
algorithms only work with restrictive cases of 1-hop and 2-hop
interference model.
In this paper, we consider the problem of how to achieve
the maximum throughput in wireless networks with distributed
scheduling algorithms under the K-hop interference constraint. We choose the Pick-and-Compare approach as the
randomized scheduling framework for our proposed algorithms. In Section III, we generalize the throughput-optimal
distributed scheduling schemes into a randomized scheduling
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The multi-hop wireless network is represented by a graph
G(N , L), which has the node set N and the link set L. Denote
the number of links and nodes by L and N . There is a set of
sessions S in the network, which represents for the network
trafﬁc. Sessions (i.e., ﬂows) are identiﬁed by a set of source
and destination nodes. Denote S as the number of sessions. We
assume that each node n ∈ N maintains per-session queues
with ﬁnite buffer. We assume that the system is time-slotted
and denote Asn (t) as the exogenous trafﬁc (in packets/slot)
generated by session s during the time-slot t at node n. The
s
s
arrival process
n (t) is assumed i.i.d with mean rate λn =
T A
−1 s
1
limT →∞ T t=0 An (t). Maximum arrival rate is assumed to
be bounded by a constant Amax and we denote the arrival
vector by λ = (λsn )n∈N ,s∈S .
A resource allocation scheme then aims at choosing in each
time-slot a rate schedule R(t) = (R1 (t), ..., RL (t)) ∈ R,
where Rl (t) is the rate (in packets/slot) of link l. The rate
allocated to session s over link l at time t is introduced by the
notation Rls (t), and in a given slot, Rls (t) ∈ {0, 1} is 1 if link
l serves a packet of session s, and 0 otherwise. We denote a
constant Φ = Amax + 2Δ, where Δ is the maximum node
degree of the wireless network. We denote Qsn (t) the queue
length of session s at node n at time t. We introduce I(n)
and O(n) as the notation for the set of incoming and outgoing
links of node n, respectively. Then, the queueing dynamics are
described by the following recursion:


Rls (t)+
Rls (t)+Asn (t). (1)
Qsn (t+1) = Qsn (t)−
l∈O(n)

l∈I(n)

Next, we introduce the notion of network stability and
capacity region, which have already been well-characterized
in the literature [1].
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Deﬁnition 1 (Stability): The queueing constrained network
system is stable, if
⎡
⎤
T −1
1  ⎣ 
E
Qsn (t)⎦ < ∞.
(2)
lim sup
T →∞ T t=0
s∈S,n∈N

Deﬁnition 2 (Capacity Region): The capacity region Λ is
the closure of the set of all arrival rate vectors (λsn )n∈N ,s∈S
for which there exists a resource allocation scheme that can
stabilize the network.
III. T HROUGHPUT AND D ELAY P ERFORMANCE OF
R ANDOMIZED S CHEDULING F RAMEWORK

theorem, we investigate the trade-off between parameters
δ, γ, φ and the obtained throughput. We assume that the mean
arrival rate vector λ is ﬁxed over time and lies in the interior
of the (1 − θ)Λ.
Theorem 1: ([6]) Any algorithm of randomized scheduling
framework can stabilize the network system if the mean arrival
rate vector λ ∈ (1 − θ)Λ falls within the region (1 − γ −
2 φδ )Λ.
Next, we discuss the delay performance of the framework.
Theorem 2: If any algorithms of randomized scheduling
framework can achieve throughput-optimal performance with
δ > 0, γ = φ = 0, and λ ∈ (1 − θ)Λ, we have:

A. Randomized Scheduling Framework

lim sup

In this section, we describe the general randomized scheduling framework. This randomized scheduling strategy was
presented ﬁrst in the seminal work [2]. We will extend this
framework to K-hop interference model and apply it to multihop wireless networks.
Deﬁnition 3 (Randomized Scheduling Framework): Any
algorithm of the randomized scheduling framework aiming
at choosing a feasible rate schedule R(t) must meet two
following constraints in its operations. First, it generates a
new random schedule N(t) ∈ R satisfying the ﬁrst constraint:

• C1 : P[N(t) = R (t)] ≥ δ, for some 0 < δ < 1 and for
all t.
And then, the real schedule at time-slot t, R(t), is decided by
the second constraint:

• C2 : P WR(t) (t) ≥ max{WR(t−1) (t), (1 − γ)WN(t) (t)}
≥ 1 − φ.
In what follows, for an arbitrary resource allocation scheme,
the weight of the rate schedule R(t) at time-slot t is denoted
by WR(t) (t). Let tx(l) and rx(l) be the transmitting and
receiving nodes respectively of link l, we have:

WR(t) (t) =
Rl (t) max |Qstx(l) (t) − Qsrx(l) (t)|.
l∈L

s∈l

And the optimal rate schedule vector at time-slot t is deﬁned
as:
(3)
R (t) = arg maxR(t)∈R WR(t) (t).
The parameter δ in C1 allows us to design an algorithm in
a low-complexity manner, which simpliﬁes substantially the
heavy computation of the optimal schedule at every timeslot. In C2, while γ represents the error probability in weight
computation of the new randomly generated schedule N(t),
φ draws inaccurate estimates of the difference between the
weights of previous schedule R(t−1) and new schedule N(t).
Before presenting the throughput and delay performance of the
framework, we introduce an important concept which is used
frequently in later sections.
Deﬁnition 4 (Network Load Parameter):
θmax = sup{θ | λ ∈ (1 − θ)Λ}.
Here θmax reﬂects how heavily the system is loaded (e.g.,
when θmax = 0, the system is fully loaded). In the following
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τ →∞

τ −1
1  s
SN 2 Φ
Qn (t) ≤
τ t=0 s,n
θmax

2 Φ
+
δ
2

.

(4)

Proof: The proof is provided in full version if demanded.

IV. A LGORITHM D ESCRIPTION AND A NALYSIS
A. Distributed Computation Model
Feasible allocations are supposed to happen in consecutive
scheduling time units. We deﬁne the time-complexity of an
algorithm as the number of rounds required by the algorithm
for computing a schedule.
B. Randomized Feasible Allocation Algorithm
Algorithm 1 Randomized Feasible Allocation Algorithm
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:

At each time-slot, each node n ∈ N does
if n ∈ NK (n ) ∪ NK (m ) senses ACK(n , m ), ∀n , m ∈
N then
disabled(n) = 1
if disabled(n) = 1 then
n chooses an arbitrary m ∈ N (n) and sends
RTS with probability p
if n senses other RTS’s or senses COL then
n sends COL
if m senses n s RTS and senses no COL then
m sends CTS
if m senses other’s RTS’s when sending its CTS then
m sends COL
if n senses RTS from m and senses no COL then
n sends ACK(n, m)
if m senses ACK(n, m) successfully then
R(t) := R(t) ∪ (n, m)

We ﬁrst propose an algorithm named Randomized Feasible
Allocation Algorithm aiming at generating a feasible allocation at the end of Pick operation. Here, we denote the 1-hop
and K-hop neighbors of node n by N (n) and NK (n) respectively. We say that a node senses a control packet if it can
decode a control packet or receive a non-decodable collision
packet . At the beginning, a node that wishes to request a
matching, sends a ready-to-send (RTS) packet to a chosen
neighbor node. If it senses another ongoing transmission or
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a collision (COL) packet from that transmission, it sends a
COL in the next round. If the receiver can decode its RTS
successful and sense no COL packet, it means that no other
transmissions are within K hops of the transmitter side at
that time. Subsequently, the receiver responds with a clearto-send (CTS) packet. While sending its CTS, if the receiver
detects an ongoing transmission, it will send a COL packet in
the next round. Thus, no COL packets being sent by receiver
guarantees that no other transmissions are within K hops of
the receiver side. Next, if no COL packet is sensed from both
sides, the transmitter broadcasts the acknowledge packet (i.e.,
ACK(n, m)) to announce that their matching is successful.
Every node within K hops neighborhood of transmitter n and
receiver m after realizing the ID of this link through sensing
this ACK(n, m) packet will be disabled, preventing them from
requesting their matchings in the subsequent rounds. And after
receiver senses ACK(n, m), this link is ready to be active in
the data transmission phase.
1
, ∀n ∈ N , the above
Proposition 1: If p = |N (n)|+1
algorithm has O(1) time-complexity and returns a feasible
schedule with a positive probability at least δ satisfying C1
of the randomized scheduling framework as below:
N

1

P[N(t) = R (t)] ≥ δ =

2e4Δ

.

K

1
|N (n)| + 1
× 1−

1−

1
|N (n)| + 1

1
|N (m1 )| + 1


× ... ×

1−

1
|N (mK )| + 1


K

P(n,m) ≥

m∈N (n)

|N (n)| e−4Δ
|N (n)| + 1

K

e−4Δ
.
(6)
≥
2
Suppose that we have a feasible allocation F ∈ R, which
means |F | nodes are matched, and the remaining nodes
are inactive. The probability of picking an arbitrary feasible
allocation F is:
|F | 
N −|F |

K
K
e−4Δ
e−4Δ
P[F ] ≥
1−
2
2
N


K
K
e−4Δ
e−4Δ
, 1−
≥ min
2
2
≥

1
2e

4ΔK

N

.

And R (t) is also a feasible schedule so we have P[F =

N
1
R (t)] ≥ δ = 2e4Δ
.
K
C. Randomized Maximal Matching Algorithm

|N (n)|

In this scheme, by running more iterations nested in a
number of steps, we can improve the probability of a node
matched.
Algorithm 2 Randomized Maximal Matching Algorithm
1:
2:
3:
4:
5:

|N (m1 )|

|N (n)| times



P[n is matched] =

(5)

Proof: We clearly see that the maximum number of
rounds for each node to terminate is 6, so the time complexity
is O(1). We realize that the link (n, m) will be matched
successfully if during the whole operation of this algorithm,
provided that nodes n and m are exchanging control packets,
all nodes in K-hop neighbors of n and m must keep silent.
We ﬁrst consider the transmitter side, where node n sends all
of its control packets successfully with a probability Pn→m :
Pn→m =

are disjoint, the probability that node n is matched is:

6:

...


7:
8:
9:

|N (mK )|

...


|N (n)|×|N (m1 )|×...×|N (mK−1 )| times

1
e−1 · e−|N (n)| · e−|N (n)||N (m1 )| · · ·
≥
|N (n)| + 1
· e−|N (n)||N (m1 )|···|N (mK−1 )|
K

e−2Δ
when Δ > 1.
≥
|N (n)| + 1
The ﬁnal inequality follows from the fact that Δ =
maxn∈N |N (n)| and (1 + Δ + Δ2 + . . . + ΔK ) ≤ 2ΔK if
Δ > 1. By using the same analysis for the receiver side, when
node m responds all of its control packets successfully, we
K
have the probability Pn←m ≥ e−2Δ . So the link (n, m) is
−4ΔK
matched with probability P(n,m) ≥ |Ne (n)|+1 . Since the event
node n is matched to node m or m and the event m = m

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

At each time-slot, each node n ∈ N does
if n ∈ NK (n ) ∪ NK (m ) senses ACK(n , m ), ∀n , m ∈
N then
disabled(n) = 1
if disabled(n) = 1 then
for s = 1 to (log N ) do
Rs (t) := Rs−1 (t)
K
for i = 1 to (C e4Δ log N ) do
n chooses an arbitrary m ∈ N (n) and sends
RTS with probability p
if n senses other RTS’s or senses COL then
n sends COL
if m senses n s RTS and senses no COL then
m sends CTS
if m senses other’s RTS’s then
m sends COL
if n senses m s CTS and senses no COL then
n sends ACK(n, m)
if m senses ACK(n, m) successfully then
Rs (t) := Rs (t) ∪ (n, m)

We start by analyzing the performance of Randomized
Maximal Matching Algorithm.
Proposition 2: If C ≥ 6,then the Randomized
Maximal

K
Matching Algorithm has O e4Δ log2 N time-complexity
and can return a maximal schedule with the probability at least
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δ satisfying C1 of the randomized scheduling framework as
below:
1
(7)
P[N(t) = R (t)] ≥ δ = 1 − C  (C  > 1).
N
Proof: Using the proof result of the ﬁrst proposed algorithm, from (6), we have the probability that node n is
not matched during an iteration i is Pi [n is not matched] ≤
−4ΔK
(1 − e 2 ). Thus, for one step, we have:

Ps [n is not matched] ≤
≤e

−4ΔK
−e 2

×C e

4ΔK

log N

e−4Δ
1−
2

≤ e−

K

C e4ΔK log N
(8)

C log N
2

=

1−

1
N

C
2

|M |

≥1−

|M |
N

C
2

≥1−

1
N

C
2

−1

.

Since log N steps are fulﬁlled for the requirement of a
maximal matching running time, this algorithm can return a
maximal schedule M with probability at least:
log N

1
log N
≥1− C
C
N 2 −1
N 2 −1
1
≥1− C .
2
N −2

Letting C = C/2 − 2, and since R (t) is also a maximal
schedule so ﬁnally we have P[M = R (t)] ≥ δ = 1 − C1 −2 .
N 2
For time-complexity, the whole algorithm has at most
K
O(log N ) steps and each step includes O(e4Δ log N ) rounds.
So the Randomized Maximal Matching Algorithm takes
K
O(e4Δ log2 N ) rounds of local message exchange totally. We
complete our proof here.
P[M ] ≥

1−

V. S IMULATION R ESULTS
In this section, ﬁrst we evaluate the throughput performance between Constant-Time (CT) [4], Maximal Matching
(MM), Greedy Maximal Matching (GMM) algorithms and our
proposed algorithms with Compare operation. The network
topology we use for simulations is a 5 × 5 grid network.
We implemented all algorithms under the single-hop trafﬁc
model. Every link has a capacity 1 packet/slot. There are 12
heavily-loaded links that are one-hop away from each other
and they have Poisson trafﬁc arrivals with mean 0.4λ. The
remaining ones are lightly-loaded links with mean 0.2λ. In
case of 1-hop interference model, Fig. 1a shows that with
C = 10, Algorithm 2 has almost the same performance as
GMM, which is close to the optimal and dominates other
algorithms. This means that in this case Algorithm 2 can work
at load very close to the threshold λ = 1 while in case of
λ ≥ 1, the queues become unstable. However, when C = 1,
Algorithm 2 and MM are almost the same performance which
is more than 80% capacity region. Empirically achieving more
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(b) K = 2

Fig. 1: Capacity region of scheduling algorithms

1

(9)
C .
N2
Following the similar argument as in the proof of Proposition 1, we have exactly |M | nodes of any maximal matching
M ∈ R that are matched at the end of step s with a
probability:
Ps [M ] ≥

(a) K = 1

than 80% and 60% capacity, the performance of MM and
CT coincide with those in the literature [4], [5]. When the
load is light (i.e. λ ≤ 0.6), it shows that Algorithm 1 has
the worst performance; however, when the load increases,
there is a cross-over performance between Algorithm 1 and
Constant-Time, MM and Algorithm 2 with C = 1. In case
of 2-hop interference model (see Fig. 1b), the behaviors of
all algorithms are similar to the ﬁrst case except the capacity
region approximately corresponds to λ < 0.45.
VI. C ONCLUSION
In this work, we take into consideration maximizing
throughput of wireless networks with distributed scheduling
algorithms. So we choose Pick-and-Compare approach and
generalize it into a randomized scheduling framework. We
not only provide the analysis on how to achieve the optimal
throughput with some constraints of this framework, but also
give a upper bound for the delay of the whole system.
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